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I. Introduction 


The graphical method overcomes the limitations of all other analytical methods provided the location of foot 
of perpendicular drawn from the given point to the plane of polygon is known. It involves theoretically zero 
error if the calculations are done correctly. A polygon is the plane bounded by the straight lines. But, if the 
given polygon is divided into certain number of elementary triangles then the solid angle subtended by 
polygon at given point can be determined by summing up the solid angles subtended by all the elementary 
triangles at the same point. This concept derived a Theory. According to it “for a given configuration of plane & 
location of point in the space, if a perpendicular, from any given point in the space, is drawn to the plane of 
given polygon then the polygonal plane (polygon) can be internally or externally or both divided into a certain 
number of elementary triangles by joining all the vertices of polygon to the foot of perpendicular (F.O.P.) 
Further each of these triangles can be internally or externally sub-divided in two right triangles having 
common vertex at the foot of perpendicular. Thus the solid angle subtended by the given polygonal plane at 
the given point is the algebraic sum of solid angles subtended by all the elementary triangles at the same point 
such that algebraic sum of the areas of all these triangles is equal to the area of given polygonal plane” 


Let’s study in an order to easily understand the Theory of Polygon in a simple way 


II. ©HCR’s Master/Standard Formula-1 (Solid angle subtended by a right triangular plane 
at any point lying at a normal height h from any of the acute angled vertices) 


Using Fundamental Theorem of Solid Angle: 


Let there be a right triangular plane ONM having perpendicular ON = p & the base MN = b and a given point 
say P(O, 0, h) at a height ‘h’ lying on the axis (i.e. Z-axis) passing through the acute angled vertex say ‘O’ 


(As shown in the figure1 below) 
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Now, the equation of the straight line OM passing through the origin ‘O’ 
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Now, consider a point Q(x, y) on the straight line OM 
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Let’s consider an imaginary spherical surface having radius ‘R’ & centre at the given point ‘P’ such that the area 
of projection of the given plane ONM on the spherical surface w.r.t. the given point ‘P’ is ‘A’ 


Now, consider an elementary area of projection ‘dA’ of the plane ONM on the spherical surface in the first 
quadrant YOX 


(As shown in the figure 2) 


Now, elementary area of projection in the first quadrant 


=> dA = (length)(width) = (RsinOdg)(Rd@) = R*sinddddp 


Hence, area of projection of the plane ONM on the spherical surface in the 
first quadrant is obtained by integrating the above expression in the first 


quadrant & 
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Fig 2: Elementary area dA on spherical surface 
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Now, on setting the values of ‘K’ & 'COSQy. , We get 
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Now, the solid angle subtended by the right triangular plane ONM at the given point ‘P’ 
= solid angle subtended by area of projection of triangle ONM on the spherical surface at the same point ‘P’ 


Using Fundamental Theorem 


[aol wre] One 
>Wrt= —_ = = ae 
, re Jo R2 R2 


(since, Ris constant for each point on the area of projection on the spherical surface) 
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If the given point P (0, 0, h) is lying on the axis normal to the plane & passing through the acute angled vertex 
‘M’ then the solid angle subtended by the right triangular plane ONM is obtained by replacing ‘b’ by ‘p’ & ‘p’ by 
‘b’ in the equation(1), we have 
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Note: Eq(1) is named as HCR’s Master/Standard Formula-1 which is extremely useful to find out the solid 
angle subtended by any polygon at any point in the space thus all the formulae can be derived by using eq(1). 


II. Specifying the location of given point & foot of perpendicular in the Plane of Polygon 
Let there be any point say point P & any polygonal plane say plane ABCDEF in the space. Draw a perpendicular 
PO from the point ‘P’ to the plane of polygon which passes through the point ‘O’ i.e. foot of perpendicular 
(F.O.P.) (See front & top views in the figure 3 below showing actual location of point ‘P’ & F.O.P. ‘O’) 





= 


| 


Fig 3: Actual location of point ‘P’ & F.O.P. ‘O’ Fig 4: Location of ‘P’ & ‘O’ in the plane of paper 


Now, for simplification of specifying the location of given point ‘P’ & foot of perpendicular ‘Q’ we assume 


a. Foot of perpendicular ‘O’ as the origin & 
b. Point P is lying on the Z-axis 


If the length of perpendicular PO is h then the location of given point ‘P’ & foot of perpendicular ‘O’ in the 
plane of polygon (i.e. plane of paper) is denoted by P(0, 0, h) similar to the 3-D co-ordinate system 


(See the figure 4 above) 


IV. Element Method (Method of dividing the polygon into elementary triangles) 


It is the method of Joining all the vertices A, B, C, D, E & F of a given polygon to the foot of perpendicular ‘O’ 
drawn from the given point P in the space (as shown by the dotted lines in figure 4 above) Thus, 


AAOB, ABOC, ACOD, ADOE, AEOF & AAOF are the elementary triangles which have common vertex at the 
foot of perpendicular ‘O’. 


Note: AABC, ABCD, ACDE, ADEF & AEFA are not taken as the elementary triangles since they don’t have 
common vertex at the foot of perpendicular ‘O’ 


The area (Anotygon) of polygon ABCDEF is given as follows (from the figure 4) 


Anolygon = algebraic sum of areas of elementary triangles 


= Ayaos + Agpoc + Aacop + Aapoz + Aazor + Aaaor 


Since the location of given point & the configuration of polygonal plane is not changed hence the solid angle 
(Onctwon) subtended by polygonal plane at the given point in the space is the algebraic sum of solid angles 
subtended by the elementary triangles obtained by joining all the vertices of polygon to the F.O.P. 


Now, replacing the areas of elementary triangles by their respective values of solid angles in the above 
expression as follows 


Wpolygon = Alebraic sum of solid angles subtended by the elementary triangles 


= Wagos + Wapoc + Wacop + WapoE + Wazor + WaAor 


While, the values of solid angles subtended by elementary triangles are determined by using axiom of triangle 
i.e. dividing each elementary triangle into two right triangles & using standard formula-1 of right triangle. 


V. Axiom of Triangle 


“If the perpendicular, drawn from a given point in the space to the plane of a given triangle, passes through 
one of the vertices then that triangle can be divided internally or externally (w.r.t. F.O.P.) into two right 
triangles having common vertex at the foot of perpendicular, simply by drawing a normal from the common 
vertex (i.e. F.O.P.) to the opposite side of given triangle.” 


e Anacute angled triangle is internally divided w.r.t. F.O.P. (i.e. common vertex) 
e Aright angled triangle is internally divided w.r.t. F.O.P. (i.e. common vertex) 
e An obtuse angled triangle is divided 


Internally if and only if the angle of common vertex (F.O.P.) is obtuse 
Externally if and only if the angle of common vertex (F.O.P.) is acute 


Now, consider a given point P(0, 0, h) (located perpendicular to the plane of paper) lying at a height h on the 
normal axes passing through the vertices A, B & C where the points P, (0, 0, h), P,(0, 0, h) & P3(0,0,h) are the 
different locations of given point P on the perpendiculars passing through the vertices A, B & C respectively at 
the same height h. 


(See the different cases in the figures (5), (6) & (7) below) 
e Acute Angled Triangle: 


Consider the given point P,(0,0, h) at a normal height h from the vertex ‘A’ 
(i.e. foot of perpendicular drawn from the point P, to the plane ofAABC) 


Now, draw the perpendicular AM from F.O.P. ‘A’ to the opposite side BC to 
divide the AABC into two sub-elementary right triangles AAMB & AAMC 


In this case, the area (Aj,4p-) of AABC is given by 





Anapc = algebraic sum of areas of elemetary triangles Fig 5: Acute Angled Triangle 
= Anamp + Anamc (AABC is internally divided) 
Hence replacing the areas by the corresponding values of solid angles, we get 
Waapc = algebraic sum of solid angles subtended by elemetary triangles at point P, (0,0, h) 
= Waamp + Waamc (AABC is internally divided) 


The values of Waamp & Waamc subtended by the right triangles AAMB & AAMC respectively are calculated 
by using standard formula-1 of right triangle (from eq(1) or eq(2)) as follows 
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Measure the dimensions AM, BM & P, A from the drawing & set b = BM,p = AM & 
h = normal height of point P,(0,0,h) from the vertex 'A'(i.e.F.O.P.) = P,A in above expression 


We get, the solid angle subtended by the right AAMB at the given point P, (0, 0, h) 
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Similarly, solid angle subtended by the right AAMC at the the same point P, (0, 0, h) 
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Hence, the solid angle subtended by the given AABC at the the given point P, (0, 0, h) is calculated as 


> WyaBc = WypamB + Maamce 


Similarly, for the location of given point P,(0, 0, h) lying at a normal height h from the vertex ‘B’ (i.e. foot 
of perpendicular drawn from the point P,(0, 0, h) to the plane of AABC) (See figure 5 above) 


By following the above procedure, we get the solid angle subtended by the given AABC at the the given 
point P,(0, 0, h) as follows 
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Similarly, for the location of given point P3(0,0,h) lying at a normal height h from the vertex ‘C’ (i.e. foot of 
perpendicular drawn from the point P;(0, 0, h) to the plane of AABC) (See figure 5 above) 


By following the above procedure, we get the solid angle subtended by the given AABC at the the given 
point P(0, 0, h) as follows 


=> WpaBc = Mnagc + MaBoc 


We can calculate the corresponding values of Waagc & Waggc using standard formula-1 as follows 
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e Right Angled Triangle: 


Consider the given point P, (0,0, h) at anormal height h from the vertex ‘A’ (i.e. foot of perpendicular drawn 
from the point P, (0,0, h) to the plane of right ABAC) (See the figure 6) 


Now, draw the perpendicular AM from F.O.P. ‘A’ to the opposite side BC to divide the right ABAC into two 
sub-elementary right triangles AAMB & AAMC 
P(0.0,h) 


A 





In this case, the area (A,jpyc) of right ABAC is given by 






Aapac = algebraic sum of areas of elemetary triangles 


Aypac = 
Anamp tAngamc (right ABAC is internally divided) 


Hence replacing the areas by the corresponding values of solid / 


angles, we get - / 


P(aoh) & P,(0,0,h) 


Fig 6: Right Angled Triangle 
Wapac = algebraic sum of solid angles subtended by elemetary triangles at point P, (0,0, h) 






= Waamp + Waamc (right ABAC is internally divided) 


The values of Waawp & Waamc subtended by the right triangles AAMB & AAMC respectively are calculated 
by using standard formula-1 of right triangle (from eq(1) or eq(2)) as follows 


b b h 
vos as} es) ae) 
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Measure the dimensions AM, BM & P,A from the drawing & set b = BM,p = AM & 
h = normal height of point P,(0,0,h)from the vertex 'A'(i.e.F.O.P.) = P,A in above expression 


We get, the solid angle subtended by the right AAMB at the given point P, (0, 0, h) 
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Similarly, solid angle subtended by the right AAMC at the the same point P, (0, 0, h) 
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Hence, the solid angle subtended by right ABAC at the the given point P,(0, 0, h) is calculated as 


> Wapac = WypamB + Maamce 


Now, for the location of given point P2(0, 0, h) lying at a normal height h from the vertex ‘B’ (i.e. foot of 
perpendicular drawn from the point P,(0, 0, h) to the plane of rightABAC ) (See figure 6 above) 


Using standard formula-1 & setting b = AC,p = AB& 
h = normal height of point P,(0,0,h)from the vertex 'B'(i.e.F.O.P.) = P,B 


We get the solid angle subtended by the right ABAC at the the given point P,(0, 0, h) as follows 
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Similarly, for the location of given point P3(0, 0, h) lying at a normal height h from the vertex ‘C’ (i.e. foot 
of perpendicular drawn from the point P;(0, 0, h) to the plane of rightABAC) (See figure 6 above) 


Using standard formula-1 & setting b = AB,p = AC & 
h = normal height of point P;(0,0,h)from the vertex 'C'(i.e.F.O.P.) = P3C 


We get the solid angle subtended by the right ABAC at the the given point P(0, 0, h) as follows 
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e Obtuse Angled Triangle: 


Consider the given point P,(0, 0, h) at a normal height h from N 
the vertex ‘A’ (i.e. foot of perpendicular drawn from the point Ay 
P,(0,0,h) to the plane of AABC) (See the figure 7) / ‘ 


: & \ 
Now, draw the perpendicular AM from F.O.P. ‘A’ to the p- ~. ‘,(0.0.h) \ 
opposite side BC to divide the obtuse AABC into two sub- : 
elementary right triangles AAMB & AAMC i 





In this case, the area (Aj,pc) of obtuse AABC is given by 





Ayasc = B 
algebraic sum of areas of elemetary triangles 
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Fig 7: Obtuse Angled Triangle 
= Aname + Aaamc (obtuse AABC is internally divided) 


Hence replacing the areas by the corresponding values of solid angles, we get 
Waapc = algebraic sum of solid angles subtended by elemetary triangles at point P, (0,0, h) 
= Waamp + Waamc (obtuse AABC is internally divided) 


The values of Waamp & Waamc subtended by the right triangles AAMB & AAMC respectively are calculated 
by using standard formula-1 of right triangle (from eq(1) or eq(2)) as follows 
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Measure the dimensions AM, BM & P,A from the drawing & set b = BM,p = AM & 


h = normal height of point P,(0,0,h)from the vertex 'A'(i.e.F.O.P.) = P,A in above expression 


We get, the solid angle subtended by the right AAMB at the given point P, (0, 0, h) 
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Similarly, solid angle subtended by the right AAMC at the the same point P, (0, 0, h) 
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Hence, the solid angle subtended by obtuse AABC at the the given point P, (0,0, h) is calculated as 


> Wyasc = WaamB + Maamce 


Now, for the location of given point P2(0, 0, h) lying at a normal height h from the vertex ‘B’ (i.e. foot of 
perpendicular drawn from the point P,(0,0,h) to the plane of AABC ) (See figure 7 above) 


Draw the perpendicular BQ from F.O.P. ‘B’ to the opposite side AC to divide the obtuse AABC into two 
sub-elementary right triangles ABQC & ABQA 


In this case, the area (A,,p) of obtuse AABC is given by 
Anapc = algebraic sum of areas of elemetary triangles 
= Aypoc — AnBoa (obtuse AABC is externally divided) 
Hence replacing the areas by the corresponding values of solid angles, we get 
Waapc = algebraic sum of solid angles subtended by elemetary triangles at point P, (0,0, h) 
= Wapoc — WaBoA (obtuse AABC is externally divided) 


The values of Waggc & Wagga, Subtended by the right triangles ABQC & ABQA respectively are calculated 


by using standard formula-1 of right triangle (from eq(1) or eq(2)) as follows 
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Measure the dimensions QC, BQ & P,B from the drawing & set b = QC,p = BQ& 


h = normal height of point P,(0,0,h)from the vertex 'B'(i.e.F.O.P.) = PB in above expression 


We get, the solid angle subtended by the right ABQC at the given point P, (0, 0, h) 
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Similarly, solid angle subtended by the right ABQA at the the same point P, (0, 0, h) 
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Hence, the solid angle subtended by obtuse AABC at the the given point P,(0, 0, h) is calculated as 


=> WyaBc = Mapac — OaBQa 


Similarly, for the location of given point P3(0, 0, h) lying at a normal height h from the vertex ‘C’ (i.e. foot 
of perpendicular drawn from the point P3(0,0,h) to the plane of AABC ) (See figure 7 above) 


Following the above procedure, solid angle subtended by obtuse AABC at the the given point P3(0, 0, h) 
is calculated as 


=> WpaBpc = Wacne — ®acna (obtuse AABC is externally divided) 
| BN | BN P3C 
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Now, we will apply the same procedure in case of any polygonal plane by diving it into the elementary 
triangles with common vertex at the F.O.P. & then each elementary triangle into two sub-elementary right 
triangles with common vertex at the F.O.P. Now, it’s easy to understand the theory of polygon 


VI. Axiom of polygon 


“For a given point in the space, each of the polygons can be divided internally or externally or both w.r.t. 
foot of perpendicular (F.O.P.) drawn from the given point to the plane of polygon into a certain number of 
the elementary triangles, having a common vertex at the foot of perpendicular, by joining all the vertices of 
polygon to the F.O.P. by straight lines (generally extended).” 


e Polygon is externally divided if the F.O.P. lies outside the boundary 
e Polygon is divided internally or externally or both if the F.O.P. lies inside or on the boundary 
depending on the geometrical shape of polygon (i.e. angles & sides) 


(See the different cases in the figures (8), (9), (10) & (11) below as explained in Theory of Polygon) 


Elementary Triangle: Any of the elementary triangles obtained by joining all the vertices of polygon to the 
foot of perpendicular drawn from the given point to the plane of polygon such that all the elementary triangles 
have common vertex at the foot of perpendicular (F.O.P.) is called elementary triangle. 


Sub-elementary Right Triangles: These are the right triangles which are obtained by drawing a 
perpendicular from F.O.P. to the opposite side in any of the elementary triangles. Thus one elementary 
triangle is internally or externally divided into two sub-elementary right triangles. These sub-elementary right 
triangles always have common vertex at the foot of perpendicular (F.O.P.) 


VII. HCR’s Theory of Polygon 
(Proposed by the Author-2014) 


This theory is applicable for any polygonal plane (i.e. plane bounded by the straight lines only) & any point in 
the space if the following parameters are already known 


1. Geometrical shape & dimensions of the polygonal plane 


2. Normal distance (h) of the given point from the plane of polygon 
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3. Location of foot of perpendicular (F.O.P.) drawn from given point to the plane of polygon 


According to this theory “Solid angle subtended by any polygonal plane at any point in the space is the 
algebraic sum of solid angles subtended at the same point by all the elementary triangles (obtained by 
joining all the vertices of polygon to the foot of perpendicular) having common vertex at the foot of 
perpendicular drawn from the given point to the plane of polygon such that algebraic sum of areas of all 
these triangles is equal to the area of given polygon.” It has no mathematical proof. 


Mathematically, solid angle ( Oacignen) subtended by any polygonal plane with ‘n’ number of sides & area ‘A’ 


at any point in the space is given by 


Wnolygon = W4 + W> + W3 + WW, + Ws ee ee ee ee ee 


> Wpolygon = >. wo, 
algebraic 
where, Axsivngy = Ay Fag th Ag Ag st Ac teunrtnee nee >. A,| 
algebraic 


A,, Az, A3, Ag, As, ve oe are the areas of elementary triangles subtending the solid angles w1, Wz, W3, Wy. Ws «1 
at the given point which are determined by using standard formula-1 (as given from eq(1)) along with the 
necessary dimensions which are found out analytically or by tracing the diagram which is easier. 


e Element Method: It the method of diving a polygon internally or externally into sub-elementary 
right triangles having common vertex at the F.O.P. drawn from the given point to the plane of 
polygon such that algebraic sum of areas of all these triangles is equal to the area of given polygon.” 


e Working Steps: 
STEP 1: Trace/draw the diagram of the given polygon (plane) with known geometrical dimensions. 
STEP 2: Specify the location of foot of perpendicular drawn from a given point to the plane of polygon. 


STEP 3: Join all the vertices of polygon to the foot of perpendicular by the extended straight lines. Thus the 
polygon is divided into a number of elementary triangles having a common vertex at the foot of perpendicular. 


STEP 4: Further, consider each elementary triangle & divide it internally or externally into two sub-elementary 
right triangles simply by drawing a perpendicular from F.O.P. (i.e. common vertex) to the opposite side of that 
elementary triangle. 


STEP 5: Now, find out the area of given polygon as the algebraic sum of areas of all these sub-elementary right 
triangles i.e. area of each of right triangles must be taken with proper sign whose sum gives area of polygon. 


Remember: All the elementary triangles & sub-elementary right triangles must have their one vertex 
common at the foot of perpendicular (F.O.P.). 


STEP 6: Replace areas of all these sub-elementary right triangles by their respective values of solid angle 
subtended at the given point in the space. 


STEP 7: Calculate solid angle subtended by each of individual sub-elementary right triangles by using the 
standard formula-1 of right triangle (from eq(1) as derived above) as follows 


+= gts} gatos) et 
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STEP 8: Now, solid angle subtended by polygonal plane at the given point will be the algebraic sum of all its 
individual sub-elementary right triangles as given (By Element Method) 


Wnolygon = 1 + Wz + Wz F Wy FOS Fete eee ee eee 
* Finally, we get the value Of Wyolygon as the algebraic sum of solid angles subtended by right triangles only. 


VIII. Special Cases for a Polygonal Plane 


Let’s us consider a polygonal plane (with vertices) 123456 & a given point say P(0,0,h) at a normal height h 
from the given plane in the space. 


Now, specify the location of foot of perpendicular say ‘O’ on the plane of polygon which may lie 


Outside the boundary 
Inside the boundary 
On the boundary 


- Yr 


On one of the sides or b. At one of the vertices 
Let’s consider the above cases one by one as follows 
1. F.O.P. outside the boundary: 


Let the foot of perpendicular ‘O’ lie outside the boundary 
of polygon. Join all the vertices of polygon (plane) 123456 
to the foot of perpendicular ‘O’ by the extended straight 
lines 





(As shown in the figure 8) Thus the polygon is divided into 
elementary triangles (obtained by the extension lines), all Fig g: F.0.P. lying outside the boundary 
having common vertex at the foot of perpendicular ‘O’. 

Now the solid angle subtended by the polygonal plane at the given point ‘P’ in the space is given 


By Element-Method 
0123456 = We16r + Wse66rsr + Waarsgsr FH Warazr2 FH Wa44, verse see tee tee eee CL) 
where, W616, = W601 — 601 
Ws566151 — Wsi06r — Y506%221551 = W2051 — W2'05 
414212 = W4'o2 — W4o2r 
W344, — W304, — W304 


Thus, the value of solid angle subtended by the polygon at the given point is obtained by setting these values 
in the eq. (I) as follows 


a 423456 = (W601 — 601) + (Ws:061 — W506) + (W205 — W2'05) + (Wa'o2 — Wa021) 


Further, each of the individual elementary triangles is divided into two sub-elementary right triangles for 
which the values of solid angle are determined by using standard formula-1 of right triangle. 


2. F.O.P. inside the boundary: 
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Let the foot of perpendicular ‘O’ lie inside the boundary of polygon. Join all the vertices of polygon (plane) 
123456 to the foot of perpendicular ‘O’ by the extended straight 
lines (As shown in the figure 9) 


Thus the polygon is divided into elementary triangles (obtained 
by the extension lines), all having common vertex at the foot of 
perpendicular ‘O’. Now the solid angle subtended by the 
polygonal plane at the given point P in the space is given 


By Element-Method 





W123456 = Figure 9: F.O.P. lying inside the boundary 


W102 + W293 + W395, + W554 + Wso4r ee ee oe: 
Where, 
W554 = Ws'o4 — W504 
Thus, the value of solid angle subtended by the polygon at the given point is obtained by setting these values 
in the eq. (Il) as follows 
=> 0123456 = W102 + W203 + W305, + (Ws'04 — W504) + W504, 


Further, each of the individual elementary triangles is divided into two sub-elementary right triangles for 
which the values of solid angle are determined by using standard formula-1 of right triangle. 


1 
3. F.O.P. on the boundary: Further two cases are possible ~ 


a. F.O.P. lying on one of the sides: 


Let the foot of perpendicular ‘O’ lie on one of the sides say ‘12’ of 
polygon. Join all the vertices of polygon (plane) 123456 to the foot of 
perpendicular ‘O’ by the straight lines 


(As shown in the figure 10) 





Thus the polygon is divided into elementary triangles (obtained by the 


straight lines), all having common vertex at the foot of perpendicular Figure 10: F.O.P. lying at one of the sides 
‘O’. Now the solid angle subtended by the polygonal plane at the given point ‘P’ in the space is given By 
Element-Method 


W123456 = W106 + Weos + W504 + Wag3 + W392 wre te eee ee ee CIT) 


Further, each of the individual elementary triangles is divided into two sub-elementary right triangles for 
which the values of solid angle are determined by using standard formula-1 of right triangle. 


b. F.O.P. lying at one of the vertices: 
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Let the foot of perpendicular lie on one of the vertices say ‘5’ of ae 
polygon. Join all the vertices of polygon (plane) 123456 to the foot ‘ = 
of perpendicular (i.e. common vertex ‘5’) by the straight lines 


(As shown in the figure 11) 


Thus the polygon is divided into elementary triangles (obtained by 
the straight lines), all having common vertex at the foot of 
perpendicular ‘5’. Now the solid angle subtended by the polygonal 





plane at the given point ‘P’ in the space is given 
By Element-Method Fig 11: F.O.P. lying on one of the vertices 
W123456 — W152 + W253 + W354 + W156 eh bak ee eee ceed id, dV) 


Further, each of the individual elementary triangles is divided into two sub-elementary right triangles for 
which the values of solid angle are determined by using standard formula-1 of right triangle. 


IX. Analytical Applications of Theory of Polygon 


Let’s take some examples of polygonal plane to find out the solid angle at different locations of a given point in 
the space. For ease of understanding, we will take some particular examples where division of polygons into 
right triangles is easier & standard formula can directly be applied by analytical measurements of necessary 
dimensions i.e. drawing is not required. Although, random location of point may cause complex calculations 


e Right Triangular Plane 


F.O.P. lying on the right angled vertex: Let there be a right triangular plane ABC having orthogonal sides AB = 
a & BC =b & a given point say P(0, 0, h) at a normal height h from the right angled vertex ‘B’ 


(As shown in the figure 12 below) A 


Now, draw a perpendicular BN from the vertex ‘B’ to the hypotenuse 

AC to divide the right AABC into elementary right triangles 

AANB & ABNC. By element method, solid angle subtended by the . 
right AABC at the given point P 


&6 


oh b CG 
Where, the values of Wagyg & Wagnc are calculated by standard PCo 


formula-1 as follows Fig 12: Point P lying on the normal axis 
passing through the right angled vertex B 


Values of BN, AN & CN can be easily calclated as follows 


=> WaaBc = WaanB + WaBnc 


ab a? b? 
BN = ——, AN= — & CN = — 
Vaz + b2 Vaz + b2 Va + b2 


_ AN <n 
ee aa J (AN)? + (BN)? Tame 0 (a J (AN)? + (BN)? )( (PB)? + am) 
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a? a? 


ot art va* + b2 er va* + b2 A 
= sin ———————————————————————————— sin SS 
Vaz + b2 Va2 + b2 Va2 + b2 Va2 + b2 Vaz + b2 


a ah 
> Onanp = sin —s: — sin7/ |__| 
Va? + b? J h2(a2 + b2) + a2b? 


Similarly, we can calculate solid angle subtended by the ACNB at the given point P(0, 0, h) 


4 CN re CN PB 
ane {G (CN)? + ==} oF (- (CN)2 + a (- (PB)? + ae 


b2 b2 
= sin71 ol = sin71 eS ee Ee cree ee 
(Pe) + (=e) (sre) +(e) | J+ GE) 
a* + b2 a2 + b2 a2 + b2 a2 + b2 a2 + b2 


b bh 
=> (nore = sin - | — sin“ |__| 
Va? + b? J h2(a2 + b2) + a2b? 


Hence, the solid angle subtended by given right AABC at the given point P(0, 0, h) lying at a normal height h from the 


right angled vertex ‘B’ is calculated as follows 


=> WypaBc = Wpaane t+ WacnB 
nt { a nf ah } + sin-t| b ! tf bh 
=<in 3 $$ = sin 3 eee sin” + 3 ————-} — sin ————— —— ——— 
va? + b? yh? (a2 + b?) + a2b? va? + b? J h?(a? + b?) + a*b? 


ae ee a 
a* + b? a* + b? VJ h*(a2 + b*) + a*b? Vv h2(a* + b*) + a*b? 
Using, sin"’ x +sin7*y = sin 1 (x 1-—y*+yv1—- x?) V (-1 < (%, y) < 1) & simplifying, we get 


a* + | —_ eat +b? + b?vh?2 + = 
— sim 7 a oe 


=> Waapc = Sin”? I + b2 h2(a2 + b2) + a2b? 
ee Celok + as 


=o. h2(a? + b?) + a2b? 


h(a2Vh2 + BE + aikTe) as 


4 
. @ =cos. 3 
AABC h2(a2 + b2) + a2b2 


Note: This is the standard formula to find out the value of solid angle subtended by a right triangular plane, 
with orthogonal sides a & b, at any point lying at a normal height h from the right angled vertex. 


e Rectangular Plane 


F.O.P. lying on one of the vertices of rectangular plane: Let there be a rectangular plane ABCD having length 
AB =l1&width BC = b & a given point say P(0, 0, h) at a normal height h from any of the vertices say vertex 


‘A’ 
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Now, draw a perpendicular PA from the given point ‘P’ to the plane 
of rectangle ABCD passing through the vertex A (i.e. foot of 
perpendicular). Join the vertex ‘C’ to the F.O.P. ‘A’ to divide the 
plane into elementary triangles l.e. right triangles AABC & AADC. 


It is clear from the figure (13) that the area of rectangle ABCD 


Aapcp = ANABC + AADC 





Hence, using Element Method by replacing areas by corresponding Fig 13: Point P lying on the normal axis passing 


values of solid angles, the solid angle subtended by the rectangular through one of the vertices of rectangular plane 


plane ABCD at the given point P 


Wapcp = WaaBc + Waapdc 


Now, using standard formula-1, solid angle subtended by the right AABC at the point P(0, 0, h) 


_ BC BC PA 
oute = 80 eae 8 earraae) Geman) 
= sin _—_ — sin™ =— (——) 
Se Vb? + 121 \Wh? + 7? 
vaape = sin {2 __} _ yrs (__€2_)(__?A_\ 
<a (CD)? + (AD)? (CD)? + (AD)?/ \,/(PA)? + (AD)? 
= sin {5} - sin (( 2) (pA) 
Viz +b? 2 +b?) wh? + b? 


Hence, the solid angle subtended by rectangular plane ABCD at the given point P(0, 0, h)lying at a normal 
height h from vertex A 


Wapcp = WaaBc + Waadc 


dl b a b h ined ant di 
= sin taal — sin (==) (——=s)| + sin al — sin Greet (==) 





| ea ll- b Ge)  ) 


Using, sin-’ x +sin“*y = sin*(x/1 —y*+yv1-—- -) V (-1 < (%, y) < 1) & simplifying, we get 


5 of wed 1} 
Ww = sin a ae a 4 OND ED LD 
ABCD 2 + b2 (12 + b2) Viz + h2Vb2 + h? 
1 fa eae {ee in| 2 
=— Sin [ay he i. a= ae VE + hevb2 + he 
2 Vie + heb? + he Vie + heb? + he VP? + hb? + h 
lb 
+ Nee eet {__* —_| ai ainaibGebdtineearttl A) 
(l? + h?)(b? + h?) 


Note: This is the standard formula to find out the value of solid angle subtended by a rectangular plane of 
size a X b at any point lying at a normal height h from any of the vertices. 


16 


F.O.P. lying on the centre of rectangular plane: Let the given point P(0, 0, h) be lying at a normal height h from 
the centre ‘O’ (i.e. F.O.P.) of rectangular plane ABCD. Join all the vertices A, B, C, D to the F.O.P. ‘O’. 


Thus, rectangle ABCD is divided into four elementary triangles D c 
AAOB, ABOC, ACOD & AAOD. Hence, Area of rectangle ABCD 





= Aapcp = Agaos + Aapoc + Aacop + Aaaop b 
= 2(Anaoz + Anson) By symmetry 

Now, draw perpendiculars OE & OF from the F.O.P. ‘O’ to the 

opposite sides AB in AAOB & AD in AAOD to divide them into sub- 4L 

elementary right triangles AOEA, AOEB in AAOB & Fig 14: Point P lying on the normal axis passing 


through the centre of rectangular plane 
AOFA, AOFD in AAOD 


=> Aggcp = 2 X 2(Agoga + Angora) = 4(Anoza + Anora) By symmetry 


Hence, using Element Method by replacing areas by corresponding values of solid angles, the solid angle 
subtended by the rectangular plane ABCD at the given point P 


Wapcp = 4(Waoza + Waora) 


Now, using standard formula-1, solid angle subtended by the right AOEA at the point P(0, 0, h) 
AE AE PO 
Waoe, = Sin7* }———————— ¢ - sin7* 5 {| | —______— 
J (AE)* + (OE) (AE)? + (OE)2/ \./(PO)* + (OE)? 
l 
_ a}f__& h 


2 2 Zz 


(3) +@) (3) +@) /\\e +) 
=n et) 0) a § 


oot AF Le AF PO 
a Lo + —| es (a= in od (= nt —==)} 
b 
_ (5) h 


2 2 


+O) We @) ere 
=i ea Gae) Gae) 


Hence, the solid angle subtended by rectangular plane ABCD at the given point P(0, 0, h)lying at a normal 
height h from vertex A 


Wapcp = 4(Waoza + Wgora) 


=4 jsin~? Lal — sin™* (=) (5) + sin~* Laas — sin“* (i) (=) 
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l b l 2h b 2h 
= 4]sin- as} + sin sl 450 (Es) (aaa) t Ge) III 
VI2 + b2 VI2 + b2 V12 + b2/ \W4h2 + b2 V12 + b2/ \W4h2 + 12 
Using, sin" x + sin" y = sin -1(x/1 — y? + yV1 — x?) v (-1 < (wy) < 1) & simplifying, we get 


. lee (2h? + b*)vi2 + b2 + 4h? 
=> Wascp = 4|sin-* ;>=—; — sin7* } — 
Poe oe (12 + b?)V12 + 4h2Vb2 + 4h? 


af nf 2hvl? + b? + 4h? | 
= 4 |>—=s10 4 SS 
2 Vl? + 4h2Vb2 + 4h2 


; “| 2h uaa ssin-{ Ib 
= 4 COS yr = 4*51N —— 
VI? + 4h2Vb? + 4h? VI? + 4h2V/b? + 4h? 


lb 

*. WABCD = 4 sin! |__| een pee eee ee ee ee oe (5) 
V (2 + 4h2)(b2 + 4h2) 

Note: This is the standard formula to find out the value of solid angle subtended by a rectangular plane of 

size a X b at any point lying at a normal height h from the centre. 


e Rhombus-like Plane 


Let there be a rhombus-like plane ABCD having diagonals 
AC = 2d, & BD = 2d, bisecting each other at right angle at the 
centre ‘O’ and a given point say P(O, 0, h) at a height ‘h’ lying on the 
normal axis passing through the centre ‘O’ (i.e. foot of 
perpendicular) (See the figure 15) 


Join all the vertices A, B, C & D to the F.O.P. to divide the rhombus 
ABCD into elementary right triangles AAOB, ABOC, ACOD & AAOD. 
Now, area of rhombus ABCD 





= Aagcp = Anaos + Aasoc + Aacop + Aaaop Fig 15: Point P lying on the normal axis 
passing through the centre of rhombus 


= 4(Anaop) By symmetry 


Hence, using Element Method by replacing area by corresponding value of solid angle, the solid angle 
subtended by the rhombus-like plane ABCD at the given point P. 


WaBcp = 4W,Ao0B 


From eq(3), we know that solid angle subtended by a right triangular plane at any point lying on the vertical 
passing though right angled vertex is given as 


@ = cos} 


h(a2Vhz + BZ + ai) 


h?(a2 + b?) + a*b? 
On setting, a = d, & b = d, in the above equation, we get 


h(a [n2 +d,* + d,° [n2 + i’) 
1 —— eee Ss 


Ww = COS 
AAOB h2(d,’ +d,") +d," dy 
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Hence, the solid angle subtended by rhombus-like plane ABCD at the given point P(0, 0, h)lying at a normal 


h(a,’ In? +d,* + d,’ [n? + a,*) 
1 = 


h2(d,° + dz”) + dd” 


height h from centre ‘O’ 


see tes tes ts ss (6) 


> WABCD — 4 cos” 


Note: This is the standard formula to find out the value of solid angle subtended by a rhombus-like plane 
having diagonals 2d, & 2d, at any point lying at a normal height h from the centre. 


e Regular Polygonal Plane 


Let there be a regular polygonal plane A,A,A3.....A, having ‘n’ 
no. of the sides each equal to the length ‘a’ & a given point say 
P(O, O, h) at a height ‘h’ lying on the normal height h from the 
centre ‘O’. (i.e. foot of perpendicular) (See the figure 16) 


Join all the vertices A,,A>,A3,.....&A, to the F.O.P. ‘O’ to 





divide the polygon into elementary triangles 

AOA, Az, AOA ZAs, o1e vee vee ee sey AOA,_1A, Which are congruent 

hence the area of polygon * 7 Sided regular 
oly gon 

Areg poly. = Anoa,A> +f Anoar As =F AnoasAg Sl deuadneauee +AnoAnA P ¥y 


Fig 16: Point P lying on the normal axis passing 


through the centre of regular polygonal 
= n(Anoa, A>) = n(Anoma, + Anoma,) 


Now, draw a perpendicular OM from F.O.P. ‘O’ to opposite side A,A, to divide AOA,A, into two sub- 
elementary right triangles AOMA, & AOMA, which are congruent. Hence area of polygon 


Aregpoly. = NX 2(Anoma,) = 2n(Ayoma, ) 


Hence, using Element Method by replacing area by corresponding value of solid angle, the solid angle 
subtended by the regular polygonal plane A,A,A3 .....A,, at the given point P. 


WABCD — 2n(Wsoma, ) 


Now, using standard formula-1, solid angle subtended by the right AOMA, at the point P(0,0,h) 
 Caanerem (Taare) (ear nem) 
Waoma, = Sin > ———————; - sin a FP 
(A,M)* + (OM)? (A,M)2 + (OM)? (PO)? + (OM)? 
Now, setting the corresponding values in above expression as follows 


a TU 
; OM => cot— & PO =h, we have 


a a 
, 2 ; Dy h 


WaomA, = SIN™ a Ai ae [a.m 
(5) +(Geot =) h? + (Scot =) 
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1 1 2h 
1 us Mi 
cosec — cosec — lan pate m 


_ 1 _ 1 
2hsin— I 2hsin 
—— sin’ 


— a ——_——— 
An? + a? cot? = 4h? + a*cot2 ~ 


Hence, the solid angle subtended by regular polygonal plane A,A,A3 .....A, at the given point P(0, 0, h) lying 





1 
= sin™! {sin -} — sin! 
n 


at a normal height h from centre ‘O’ 


I 2hsin = 
= 2n|—— sin-! < ——___2 
4h2 + a2cot2— 
\ n 
2hsin— 
> WwW = 2m — 2n sin) § mY NB ive te tte ee ee (7) 


reg.poly. = 
4h? + a*cot? = 


Note: This is the standard formula to find out the value of solid angle subtended by a regular polygonal 
plane, having n number of sides each of length a, at any point lying at a normal height h from the centre. 


e Regular Pentagonal Plane 


Let there be a regular pentagonal plane ABCDE having each side 
of length a and a given point say P(0, 0, h) lying at a normal height 
‘h’ from the centre ‘O’ (i.e. foot of perpendicular) (See figure 17) 


Join all the vertices A, B, C, D & E to the F.O.P. ‘O’ to divide the 
pentagon ABCDE into elementary triangles AABC, AACD & AADE. 


Now, draw perpendiculars AN, AQ & AM to the opposite sides BC, 
CD & DE in AABC, AACD & AADE respectively to divide each 
elementary triangle into two right triangles. Hence the area of 
regular pentagon 





Areg.penta = 2(Anarc = Anagc) a Fig 17: Point P lying on the normal axis passing 


through the vertex A of regular pentagon 
= 2(Anane — Anyang + Anagc) (Anasc = Ananc — Anan 


Hence, using Element Method by replacing areas by corresponding values of solid angle, the solid angle 
subtended by the regular pentagonal plane ABCDE at the given point P. 


Wreg.penta. — 2( Waane — Waanse + Wragc) = 2 @xane + Waagc — Wrane) = 


Necessary dimensions can be calculated by the figure as follows 


a 
AN = acos18°, BN = asin18°, CN =a+tasin18° & AQ= 5 cot18" 
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Now, using standard formula-1, solid angle subtended by the right AANC at the point P(0, 0, h) 


-.—1 ee) — sin! =a —— 
SRANG 20 aa ae ( ait aaa) 


fea a + asin18° — ( a + asin18° ( h )t 
= sin7? ¥ ——_________—-} — sin a } |] ___—. 
/ (a + asin18°)2 + (acos18°) (a + asin18°)2 + (acos18°)2/ \,/h2 + (acos18°)2 


. “ 1 + sin18° —_ ( 1 + sin18° )( h ) 
= sin7’ ;} ——___——} — sin —— | | —_—. 
J 2(1 + sin18°) J 2(1 + sin18°)/ \wh2 + a*cos?18° 


__,) {1+ sin18° , 1+ sin18° ( h ) 
= sin —_—_—}-— sin | | —____— 
2 2 Vh2 + a2cos218° 


3m, hcos36° 1+ sin18° ae 
WAANC — 10 — sin er, SINCE, a ae = COS 


Similarly, we get solid angle subtended by right AANB at the given point ‘P’ 
Tare epee) Gone 
WaANB = SiN} ————————; — sin | A. 
(BN)2 + (AN)2 (BN)? + (AN)? (PA)? + (AN)? 


. “ asin18° oe ( asin18° )( h )t 
= sin —§$+§ -or-o-,.02oo>.uouo>yo}>7-uyuN7>7°N7°7o,— 7 — SIN $$ enn 
 (asin18°)? + (acos18°)? y (asin18°)* + (acos18°)*/ \./h? + (acos18°)? 
h 
= sin-'{sin18°} — sin“ {(sin18°) (| 
vh?2 + a*cos?18° 


hsin18° ) 
Vh2 + a*cos?18? 


1U | 
WAANB = 10 — Sin 


Similarly, we get solid angle subtended by right AAQC at the given point ‘P’ 


ee 
renee Rsaac  Ue@? + aay] \ Pay? + (Aye 


a a 5 
= sin7? ¢ 2) gig | 


IS) + (5 cot18) I(¢)" + ($cot18°), h2 + (5 cots?) 


2 
1 1 2h 
a a 
cosec18° cosec18°? Ah2 + a2cot218° 
2hsin18° 
= —— sin! (| 
10 V4h2 + a2cot218° 


Hence on setting the corresponding values, solid angle subtended by the regular pentagonal plane ABCDE at 
the given point P is given as 


Wreg.penta. — 2|Waanc + Waagc — Wane | 
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3m CO hcos36° 1 oe 2hsin18° 1 a hsin18° 
= 2 e — sin“? (———_ + ip sin (—_——__ ——+sin (———__}] 


Vh2 + a2cos218° V4h2 + a2cot218°/ 10 Vh2 + a2cos218° 
, hsin18° ee hcos36° es 2hsin18° 
ses = 64 ( qt qgB OB) (gy 
10 h2 + a2cos218° h2 + a*cos218° Ah2 + a2cot218° 


Note: This is the standard formula to find out the value of solid angle subtended by a regular pentagonal 
plane, having each side of length a, at any point lying at a normal height h from any of the vertices. 


e Regular Hexagonal Plane 


By following the same procedure as in case of a regular pentagon, G_- 
we can divide the hexagon into sub-elementary right triangles. ‘ 


(As shown in the figure 18) 





a 

By using Element Method, solid angle subtended by given regular 
hexagonal plane ABCDEF at the given point P lying at a normal heighth © 
from vertex ‘A’ (i.e. foot of perpendicular) 

=> Wregnexa. = 2(Waanc + Waacp — Waans) a gig.o®) 
Necessary dimensions can be calculated by the figure as follows Fig 18: Point P lying on the normal axis passing 

through the vertex A of regular hexagon 
AN 30° a BN 30° =", CN=a+e=— BAC ole v3 
= acos =—_, = asin =, =atr-==— = ———— = a 
2 2 2 Z 2sin60? 


Now, using standard formula-1, solid angle subtended by the right AANC at the point P(0, 0, h) 


1 ee — sin! ee — 
Waanc — Si | ae ( am) aaa) 


3a 3a 
2 a) 2 h 


= sin’ 4 UM FL DSM SS 
2 Zz 

3a\" av 3 av 3 

(=) + (3) oe (3) 


ea) + (98) 


-w fS}-=- (gat) 3 Gat 
2s" Wa at ae/ J 30 O°" "aera 


Similarly, we get solid angle subtended by right AANB at the given point P(0, 0, h) 


__ BN ae BN PA 
aoa {5 (BN)2 + =| — i(- (BNY2 + — (- (PA)? + ==)| 
a a 
2 | 2 h 


6) +(98) 3) + (92) ]\ e+ (98) 
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= sin 5} — sin" (5) (Gees) 5-9" (Gees) 


Similarly, we get solid angle subtended by right AACD at the given point P(0, 0, h) 


ahi CD 2 eed CD PA 
ene Se? as fa an oi Ge es at a + a) 


i a aos a h 
= sin! ss —sin™! 


a? + (av3) ph? + (av3) ph? + (av3) 


@ = Sin —-r — Sin ae er = —— Sin = 
ee 2 2) \Vhz +3a2/) 6 2Vh2 + 3a2 


Hence on setting the corresponding values, solid angle subtended by the regular hexagonal plane ABCDEF at 
the given point P is given as 


Wreg.hexa. — 2[Waanc + Mpacp — Waans] 
tT | hV3 Tc | h Tc | h 
= 2|—— sin t | ————_ + — — sin"? (-—__ ——+sin™? (——— 
3 V4h2 + 3a2] 6 2Vh2 + 3a2/ 6 V4h?2 + 3a? 


. aE in ( h in hV3 in ( h ) 
= = Sin ——S=T—_ > SIn ———_’  ] — SIn ——— 
Ronee 3 V4h2 + 3a2 V4h2 + 3a2 2Vh2 + 3a2 


Note: This is the standard formula to find out the value of solid angle subtended by a regular hexagonal 
plane, having each side of length a, at any point lying at a normal height h from any of the vertices. 


Thus, all above standard results are obtained by analytical method of HCR’s Theory using single standard 
formula-1 of right triangular plane only. It is obvious that this theory can be applied to find out the solid angle 
subtended by any polygonal plane (i.e. plane bounded by the straight lines only) provided the location of foot 
of perpendicular (F.O.P.) is known. 


Now, we are interested to calculate solid angle subtended by different polygonal planes at different points in 
the space by tracing the diagram, specifying the F.O.P. & measuring the necessary dimensions & calculating. 


X. Graphical Applications of Theory of Polygon 


Graphical Method: 


This method is similar to the analytical method which is applicable for some particular configurations of 
polygon & locations of given point in the space. But graphical method is applicable for any configuration of 
polygonal plane & location of the point in the space. This is the method of tracing, measurements & 
mathematical calculations which requires the following parameters to be already known 


1. Geometrical shape & dimensions of the polygonal plane 
2. Normal distance (h) of the given point from the plane of polygon 


3. Location of foot of perpendicular (F.O.P.) drawn from given point to the plane of polygon 
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First let’s know the working steps of the graphical method as follows 
Step 1: Trace the diagram of the given polygon with the help of known sides & angles. 
Step 2: Draw a perpendicular to the plane of polygon & specify the location of F.O.P. 


Step 3: Divide the polygon into elementary triangles then each elementary triangle into two sub-elementary 
right triangles all having common vertex at the F.O.P. 


Step 4: Find the area of the polygon as the algebraic sum of areas of sub-elementary right triangles i.e. area of 
each of the right triangles must be taken with proper sign (positive or negative depending on the area is inside 
or outside the boundary of polygon) 


Step 5: Replace each area of sub-elementary right triangle by the solid angle subtended by that right triangle 
at the given point in the space. 


Step 6: Measure the necessary dimensions (i.e. distances) & set them into standard formula-1 to calculate the 
solid angle subtended by each of the sub-elementary right triangles. 


Step 7: Thus, find out the value of solid angle subtended by given polygonal plane at the given point by taking 
the algebraic sum of solid angles subtended by the sub-elementary right triangles at the same point in the 
space. 


We are interested to directly apply the above steps without mentioning them in the following numerical 
examples 


Numerical Examples: 


Example 1: Let’s find out the value of solid angle subtended by a triangular ABC having sides AB = 
8.6cm, BC = 4cm & AC = 5.5cm at a point P lying at a normal height 3cm from the vertex ‘A’. 


Sol. Draw the triangle ABC with known values of the sides & specify the location of given point P by P(O, 0, 3) 
perpendicularly outwards to the plane of paper & F.O.P. (i.e. vertex ‘A’) (as shown in the figure 19 below) 


Divide AABC into two right triangles AANB & AACN by 
drawing a perpendicular AN to the opposite side BC 
(extended line). All must have common vertex at F.O.P. 


It is clear from the diagram, the solid angle subtended by 
AABC atthe point ‘P’ is given by Element Method as follows 


WAABC — WAANB — WAANC 





‘ 
Now, measure the necessary dimensions & perform the A P (0,03) 


following calculations, by using standard formula-1 —_ 
Fig 19: Point P is lying perpendicularly outwards to the 


AN = 4.4cm, CN = 3.6cm (from the diagram) plane of paper. All the dimensions are in cm. 


BN = BC+CN =4+4+3.6 = 7.6cm 
Now, solid angle subtended by right AANB at the given point ‘P’ 


On setting the corresponding values in formula of right triangle 
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eo BN — sin! SS — 
=> @WyanB = SIN | = ( eal ao) 


7.6 7.6 3 
ssi as eae) ae) 

7.62 +442 7.6 +442) \32 +422 
= 1046000555 — 0.509254517 = 0.536746038 sr 


Similarly, solid angle subtended by right AANC at the given point ‘P’ 


=] oN — sin! ee ——— 
=> @yanc = Sin | ™ ( aaa) | aaa) 


3.6 3.6 3 

= 80 ee) peep) Gee 
3.62 +442 3.62 +442) \32 +422 

= 0.68572951 — 0.364761147 = 0.320968363 sr 


Hence, solid angle subtended by AABC at the point ‘P’ (by Element Method) 


=> Warp = Waane — Waane = 0.536746038 — 0.320968363 = 0.215777675 sr 


Example 2: Let’s find out solid angle subtended by a quadrilateral ABCD having sides AB = 6cm, BC = 8cm, 
CD = 7cm, AD = 4cm & aBAD = 110° at a point lying at a normal height 2cm from the vertex ‘A’ & 
calculate the total luminous flux intercepted by the plane ABCD if a uniform point-source of 1400 Im is located 
at the point ‘P’ 


Sol. Draw the quadrilateral ABCD with known values of the sides & angle & specify the location of given point P 
by P(0, 0, 2) perpendicularly outwards to the plane of paper & F.O.P. (i.e. vertex ‘A’) (as shown in the fig 20) 


Divide the quadrilateral ABCD into two triangles AABC & AADC by 
joining the vertex C to the F.O.P. ‘A’. Further divide AABC & AADC 
into two right triangles AAMB&AAMC and AANC & AAND 
respectively simply by drawing perpendicular to the opposite side 
in AABC & AADC having common vertex at F.O.P. 


It is clear from the diagram, the solid angle subtended by N -” 
quadrilateral ABCD at the point ‘P’ is given by Element Method g 


Wapcp = WaaBc + WasacD = (Waamc + WaamB) + (WaANc — Waand) 





Now, measure the necessary dimensions then perform the 


A Pio,a2) § c 
following calculations PC 
Fig 20: Point P is lying perpendicularly outwards to the 
AN = 3.8cm. DN =1.2cm plane of paper. All the dimensions are in cm. 


AM = 5.9cm, (from the diagram) 


BM =1.2cm > CN =CD+DN =741.2 = 8.2cm & 
CM = BC —BM = 8—- 1.2 = 6.8cm 


Now, solid angle subtended by right AANC at the given point ‘P’ 
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On setting the corresponding values in formula of right triangle 


‘= oN — sin! ee —— 
=> Waanc = Sin | = ( aril aa) 


8.2 8.2 2 
= 80 rae) Geareee) Geae 
8.2? + 3.82 8.22 + 3.82/ \V2? + 3.82 
= 1136842957 — 0.436286431 = 0.700556526 sr 


Similarly, solid angle subtended by right AAND at the given point ‘P’ 


1 fee. or — sin! = — 
=> Wpanp = Sin <I = ( om) aaam)| 


1.2 1.2 2 
se ae Garces) ae) 
12? + 3.82 1.2? + 3.82/ \W2? 43.82 
= 0.305878871 — 0.140714774 = 0.165164097 sr 


Similarly, solid angle subtended by right AAMC at the given point ‘P’ 


= eae = 50 | Y — 0 (  ) aara)| 
W = SsIn ———ssassssss FO SD ————— ass SSS 
ee (CM)2 + (AM)? (CM)2 + (AM)2/ \./(PA)2 + (AMY? 


6.8 6.8 2 
= sto eaereg) —learrem) Gapem 
6.87 + 5.9? 6.82 + 5.92/ \V2? + 5.92 
= 0856146031 — 0.24492976 = 0.611216271 sr 


Similarly, solid angle subtended by right AAMB at the given point ‘P’ 


= sane = 50 | Eo - (  aasam) 
= sin So! sli ———————————————— Ea 
malls (BM)2 + (AM)? (BM)? + (AM)2/ \./(PA)2 + (AM)? 


1.2 1.2 2 
= si ares) are) Gem) 
12? +5. 122 45.92) 2745.72 
= 0.200652877 — 0.064029809 = 0.136623068 sr 


Hence, solid angle subtended by quadrilateral ABCD at the point ‘P’ (by Element Method) 


=> Wasco = Waasc + Waacp = (WaamMc + Waamp) + (WaANc — Waanp) 


Wapcp = 0.611216271 + 0.136623068 + 0.700556526 — 0.165164097 = 1.283231768 sr 


Calculation of Luminous Flux: If a uniform point-source of 1400 Im is located at the given point ‘P’ then the 
total luminous flux intercepted by the quadrilateral plane ABCD 


_ solid angle x total flux emitted by source _ 1.283231768 x 1400 


An i 142.9628753 lm (Lumen) 


It means that only 142.9628753 Im out of 1400 Im flux is striking the quadrilateral plane ABCD & rest of the 
flux is escaping to the surrounding space. This result can be experimentally verified. (H.C. Rajpoot) 
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Example 3: Let’s find out solid angle subtended by a pentagonal plane ABCDE having sides AB = 6cm, BC = 
5.7cm, CD = 6.65cm, DE = 5.5cm, AE = 7.8cm, aBAE = 120° & aABC = 80° at a point ‘P’ lying at a 
normal height 6cm from a point ‘O’ internally dividing the side AB such that OA:OB = 2:1 & calculate the 
total luminous flux intercepted by the plane ABCDE if a 
uniform point-source of 1400 Im is located at the point ‘P’ 


Sol: Draw the pentagon ABCDE with known values of the 
sides & angles & specify the location of given point P by 
P(0,0,6) perpendicularly outwards to the plane of paper & 
F.O.P. ‘O’ (as shown in the figure 21) 


Divide the pentagon ABCDE into elementary triangles 
AOBC,AOCD, AODE & AOEA by joining all the vertices of 
pentagon ABCDE to the F.O.P. ‘O’. Further divide each of the 
triangles AOBC, AOCD, AODE & AOEA in two right triangles 
simply by drawing a perpendicular to the opposite side in the 
respective triangle. (See the diagram) 


It is clear from the diagram, the solid angle subtended by 





pentagonal plane ABCDE at the point ‘P’ is given by Element 
Fig 21: Point P is lying perpendicularly outwards to the 


Method as follows plane of paper. All the dimensions are in cm. 


WaBcDE = Waosc + Waocp + WaopE TF WAOEA ve () 


From the diagram, it’s obvious that the solid angle Wapcpg subtended by the pentagon ABCDE is expressed as 
the algebraic sum of solid angles of sub-elementary right triangles only as follows 


Waospc = ®aorB +t WMaorc Maocpd = Waocd — “aocc 
WaoDE = WrsouD +t MaoHE AOEA = WaojE ~ MAJA 


Now, setting the values in eq(I), we get 


WapcpE = (Maors + Waorc) + (Waogp — Waocc) + (@aonp + ®aone) + (Waoje — Waosa) rececrseaeee dd ) 


Now, measure the necessary dimensions & set them into standard formula-1 to find out above values of solid 
angle subtended by the sub-elementary right triangles at the given point ‘P’ as follows 


4-1 a: — sin! a a 
=> Waorsp = SIN om ee ( as) ( aaeran)| 


| 1 0.35 | __ ( 0.35 )( 6 ) 
= Sin ———_—_—_ ¢— SIN == SSS ———————————— 
/(0.35)2 + (1.95)2 J (0.35)2 + (1.95)2/ \./(6)2 + (1.95)? 


= 0.177596167 — 0.168814218 = 0.008781949 sr 
are aaron) 
(FC)? + (OF)? (FC)? + (OF) (PO)? + (OF)? 


| of 5.35 | | ( 5.35 )( 6 ) 
= Sin SS OSI SSS SSS 
JG.35)? + (1.95) VG.35)? + (2.95)2/ \ (6)? + (1.95) 


= 1.221275136 — 1.105149872 = 0.116125264 sr 
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= a eG — sin! ee Se 
= Warocp = Sin ae aa ( aaa) | coeacae) 


1 fe ee — sin7! a — 
a ceeacrad ae ( saas) all 


= 1.135829376 — 0.803382922 = 0.332446454 sr 
Ceara * Rearaear) (Toa reer) 
(CG)* + (OG)? (CG)* + (OG)? (PO)? + (0G)? 


| of 3.25 | - ( 3.25 )( 6 ) 
= Sin er OL a ————————— 
JG.25)? + (4.6)? (3.25) + (4.6)2/ \/(6)? + 4.6)? 


= 0.615089573 — 0.475672072 = 0.139417501 sr 
| DH | DH PO 
sees) co 
(DH)* + (OH)? (DH)* + (OH)? (PO)* + (OH)? 


“acca eee ee 
= sin ———— — SIN ————————— es 
(3.7)4 + (10.25) (3.7)2 + (10.25)2 (6)? + (10.25) 


= 0.346418989 — 0.172376751 = 0.174042238 sr 
ears) Tease) eoreom) 
(EH)? + (OH)? (EH)? + (OH)? (PO)* + (OH)? 


| 18 | 18 6 
= sin7t ¥—___—- } — sin} 3 |] —_ } | —_____— 
J (1.8)2 + (10.25)2 Jj (1.8)2 + (10.25)27 \,/(6)2 + (10.25)2 
= 0.173837242 — 0.087488889 = 0.086348353 sr 


EJ EJ 


PO 
a7, ey ee a Ce he Se ce! |) eee ces 
nee ee arco c= (Gaas) aaa) 


a1 es eS — sin“? a a 
a ae - ( al! om aw)} 


= 1.232304566 — 0.957430258 = 0.274874308 sr 
"Caner Ganran) TearoR) 
(AJ)* + (OJ)? (AJ)? + (0J)?7 \y (PO)? + (OJ)? 


| 2 ee ees , a 
ie Rare re =| _ (= a =5)( (623: ==:)| 
= 0.525366873 — 0.449793847 = 0.075573026 sr 


Hence, by setting the corresponding values in eq(Il), solid angle subtended by the pentagonal plane at the 


given point ‘P’ is calculated as follows 


WaBcvdE = (Maors + Wgorc) + (@aogp — ®aocc) + (Masoud + ®aone) + (Waoje = Waosa) 
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= (0.008781949 + 0.116125264) + (0.332446454 — 0.139417501) + (0.174042238 + 0.086348353) 
+ (0.274874308 — 0.075573026) = 0.777628039 sr 


Calculation of Luminous Flux: If a uniform point-source of 1400 Im is located at the given point ‘P’ then the 
total luminous flux intercepted by the pentagonal plane ABCDE 


_ solid angle x total flux emitted by source _ 0.777628039 x 1400 


= 86. 63434241 L 
a a 86. 6343 im (Lumen) 


It means that only 86.63434241 Im out of 1400 Im flux is striking the pentagonal plane ABCDE & rest of the 
flux is escaping to the surrounding space. This result can be experimentally verified. (H.C. Rajpoot) 


Example 4: Let’s find out solid angle subtended by a quadrilateral plane ABCD having sides AB = 8cm, BC = 
9cm, CD = 6cm, AD = 4cm & aBAD = 70° at a point ‘P’ lying at a normal height 4cm from a point ‘O’ 
outside the quadrilateral ABCD such that OB = 88cm & OC = 4.2cm & calculate the total luminous flux 
intercepted by the plane ABCD if a uniform point-source of 1400 Im is located at the point ‘P’ 


Sol: Draw the quadrilateral ABCD with known values 
of the sides & angle & specify the location of given 
point P by P(0, 0,4) perpendicularly outwards to the 
plane of paper & F.O.P. ‘O’ (See the figure 22) 


Divide quadrilateral ABCD into elementary triangles 
AOAB,AODA & AOCD by joining all the vertices of 
quadrilateral ABCD to the F.O.P. ‘O’. Further divide 
each of the triangles AOAB, AODA & AOCD in two 
right triangles simply by drawing perpendiculars OE, 
OG & OF to the opposite sides AB, AD & CD in the 
respective triangles. (See the diagram) 


It is clear from the diagram, the solid angle 
subtended by quadrilateral plane ABCD at the given 
point ‘P’ is given by Element Method as follows 





Area of quadrilateral ABCD = 
algebraic sum of areas of elementary triangles 


Fig 22: Point P is lying perpendicularly outwards to the 
plane of paper. All the dimensions are in cm. 


* Aapcp = (Anoas — Anoxe) + (Anopa _ Anojx) + (Anocp 7 Anocy) 


Now, replacing areas by corresponding values of solid angle, we get 


Wapcp = (MaoaB — ®aoxs) + (ona a Wrojsk) ae (@neen - Waroc;) tee nee aes (I) 


Now, draw a perpendicular OH from F.O.P. to the side BC to divide AOKB, AOJK & AOC] into right triangles & 
express the above values of solid angle as the algebraic sum of solid angles subtended by the right triangles 
only as follows 


WAQAB — WAOEA — WAOCEB WaoDA — WaoGcA — WaoGD WaocD — WaorD — WAOFC 
WAaOKB — WaoHB — WAOHK WaojK — WaoHK — WaoH] Waocy = Waouc + Maou] 


Now, setting the above values in eq(I), we get 
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Wapcp = (Waozs — WnoeB — avons + ®aouK) + (Waoca — Waocgp ~ MrvouK T Waony) ae (Waorp — Waorc — 


WAOQHC — Waony) 
Waspcp = WaoEA +t WaoGga + Waorp — WaoeB ~ WaonB ~ Waogp ~ Maorc ~ MaoHc aiadaew Cll) 


Now, measure the necessary dimensions & set them into standard formula-1 to find out above values of solid 


angle subtended by the sub-elementary right triangles at the given point ‘P’ as follows 


ae a — sin=! see a 
=> Wok = SIN | mee ( aso) aan) 


_ 9.4 


— ENED - ( saa) aan) 


= 0.871887063 — 0.353107934 = 0.518779129 sr 


1 ae. — sin7! za —_— 
> @yoGa = Sin ea ee ( ae) aes) 


>| 10.5 stely ( 10.5 )( 4 )t 
= sin * ; —; — sin ee | 
vy (10.5)% + (6) (10.5)? + (6)? (4)2 + (6)? 


= 1.051650213 — 0.502496173 = 0.54915404 sr 


-—1 eee oe — sin? eee ae o_o 
= Whorp = SIN a ie ( al | 


tee eerem Gases 
= Sin ——————— ¢ — SIN ——————————— ——————————————————— 
(8.1)? + (3.65) (8.1)? + (3.65) (4)? + (3.65)? 


= 1.147429185 — 0.738889475 = 0.408539709 sr 


ee || ee | ns ce 
= WporB = SIN ol a ( se) ae ae 


1 ee ae — sin™+ ee a 
— aS ak ( aa) aa) 


= 0.17539422 — 0.078906232 = 0.096487988 sr 
mesos) °° Tamron) (ears) 
(BH)? + (OH)? (BH)? + (OH)? (PO)? + (OH)? 


1 pet — sin a —— 
ae <I a ( ares) | aan) 


= 1.079378081 — 0.69346571 = 0.385912371 sr 


eee Or | (ee | (ee 
=> ®@yoGgp = sin — | = ( all aoe 


7 6.5 


poi Od ea Oe NV 
Sas Feetnsoe ™ ieee) (—5)| 
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= 0.82537685 — 0.419819479 = 0.405557371 sr 


4-1 ee — sin? a —_ 
= Waorc = Sin | = ( aan) | aan) 


| ee. — sin! A — 
us SEE ( aaa | aa) 


= 0.522091613 — 0.37726383 = 0.144827783 sr 


ees | _ Ch — sin! = — 
=> Waouc = Sin | ™ ( Et saan)| 


a 1.9 ees 1:9 4 
ee as + ai (sam + =) ( (4)2 + =53)| 
= 0.463647609 — 0.330197223 = 0.133450386 sr 


Hence, by setting the corresponding values in eq(Il), solid angle subtended by the pentagonal plane at the 
given point ‘P’ is calculated as follows 


WapcpD = Wnoea t+ Waoca + Waorp — WaoeB ~ WaonB ~ Waocgp ~ Saorc —~ CAoHC 


= 0.518779129 + 0.54915404 + 0.408539709 — 0.096487988 — 0.385912371 — 0.405557371 
— 0.144827783 — 0.133450386 = 0.310236979 sr 


Calculation of Luminous Flux: If a uniform point-source of 1400 Im is located at the given point ‘P’ then the 
total luminous flux intercepted by the quadrilateral plane ABCD 


_ solid angle x total flux emitted by source _ 0.310236979 x 1400 


= 34. 2412 L 
re re 34.5630 im (Lumen) 


It means that only 34.56302412 Im out of 1400 Im flux is striking the quadrilateral plane ABCD & rest of the 
flux is escaping to the surrounding space. This result can be experimentally verified. 


Thus, all the mathematical results obtained above can be verified by the experimental results. Although, there 
had not been any unifying principle to be applied on any polygonal plane for any configuration & location of the 
point in the space. The symbols & names used above are arbitrary given by the author Mr H.C. Rajpoot. 


XI. Conclusion 


It is obvious from results obtained above that this theory is a Unifying Principle which is easy to apply for any 
configuration of a given polygon & any location of a point (i.e. observer) in the space by using a simple & 
systematic procedure & a standard formula. Necessary dimensions can be measured by analytical method or by 
tracing the diagram of polygon & specifying the location of F.O.P. 

Though, it is a little lengthy for random configuration of polygon & location of observer still it can be applied to 
find the solid angle subtended by polygon in the easier way as compared to any other methods existing so far in 
the field of 3-D Geometry. Theory of Polygon can be concluded as follows 


Applicability: It is easily applied to find out the solid angle subtended by any polygonal plane (i.e. plane 
bounded by the straight lines only) at any point (i.e. observer) in 3D space. 


Conditions of Application: This theory is applicable for any polygonal plane & any point in the space if the 
following parameters are already known 
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1. Geometrical shape & dimensions of the polygonal plane 
2. Normal distance (h) of the given point from the plane of polygon 
3. Location of foot of perpendicular (F.O.P.) drawn from given point to the plane of polygon 


While, the necessary dimensions (values) used in master formula-1 (as derived above) are calculated either by 
analytical method or by graphical method 1.e. by tracing the diagram & measuring the dimensions depending on 
which is easier. Analytical method is limited for some particular location of the point while Graphical method is 
applicable for all the locations & configuration of polygon w.r.t. the observer in the space. This method can 
never fail but a little complexity may be there in case of random locations & polygon with higher number of 
sides. 


Steps to be followed: 
1. Trace the diagram of the given polygon with the help of known sides & angles. 
2. Draw a perpendicular to the plane of polygon & specify the location of F.O.P. 


3. Divide the polygon into right triangles having common vertex at the F.O.P. & find the solid angle subtended 
by the polygon as the algebraic sum of solid angles subtended by right triangles such that algebraic sum of 
areas of right triangles is equal to the area of polygon. 


4. Measure the necessary dimensions & set them into standard formula-1 to calculate solid angle subtended 
by each of the right triangles & hence solid angle subtended by the polygon at the given point. 


Ultimate aim is to find out solid angle, subtended by a polygon at a given point, as the algebraic sum of solid 
angles subtended by the right triangles, measuring the dimensions, applying Master/standard formula-1 on 
each of the right triangle & calculating the required result. 


Future Scope: This theory can be easily applied for finding out the solid angle subtended by 3-D 
objects which have surface bounded by the planes only Ex. Cube, Cuboid, Prism, Pyramid, 
Tetrahedron etc. in 3-D modelling & analysis by tracing the profile of surface of the solid as a 
polygon in 2-D & specifying the location of a given point & F.O.P. in the plane of profile-polygon as 
the projection of such solids in 2-D is always a polygon for any configuration of surface of solid in 3D 
space. 


Note: This Theory had been proposed by the author Mr Harish Chandra Rajpoot (B Tech, ME) 
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